Abstract. We are interested in generalizing part of the theory of ultrafilters on ω to larger cardinals. Here we set the scene for further investigations introducing properties of ultrafilters in strong sense dual to being normal.
Introduction
A lot of knowledge has been accumulated on ultrafilters on ω. In the present paper we are interested in carrying out some of those arguments for ultrafilters on λ > ℵ 0 , particularly if λ is strongly inaccessible. There is much work on normal ultrafilters, the parallel on ω are Ramsey ultrafilters. Now, every Ramsey ultrafilter on ω is a P -point but there are P -points of very different characters, e.g., P -point with no Ramsey ultrafilter below. Gitik [4] has investigated generalizations of Ppoints for normal ultrafilters. Here we are interested in the dual direction, which up to recently I have not considered to be fruitful.
In a long run, we are thinking of generalizing the following: (a) Consistently, some ultrafilters on ω are generated by < 2 ℵ0 many sets. it is an ultrafilter on ω (of course, we are interested in the cases when D and D/f are uniform, which in this case is the same as non-principal). By Blass and Shelah [1] , consistently for any two non-principal ultrafilters D 1 , D 2 on ω there are finite-to-one non-decreasing functions f 1 , f 2 : ω −→ ω such that D 1 /f 1 = D 2 /f 2 . (c) P -points are preserved by some forcing notions (see, e.g., [10, V] , [8] ) (d) For a significant family of forcing notions built according to the scheme of creatures of [8] we can consider an appropriate filter, i.e., if p α : α < ω 1 is ≤ * -increasing it may define an ultrafilter which is not necessarily generated by ℵ 1 -sets, so we may ask on this. (e) Consistently, there is no P -point. The weakest demand we consider here for ultrafilters on λ is being weakly reasonable. What is a weakly reasonable ultrafilter on λ? It is a uniform ultrafilter on a regular cardinal λ which does not contain some club of λ and such that this property is preserved if we divide it by a non-decreasing f : λ −→ λ with unbounded range (see Definition 1.4 below). (1) If E is an equivalence relation on λ, then f E ∈ λ λ is defined by f E (α) = otp {β < α : β = min(β/E) < min(α/E)} , and D/E is D/f E . (2) For a club C of λ let E C be the following equivalence relation on λ: αE C β iff (∀γ ∈ C)(α < γ ⇔ β < γ), and let D/C be D/E C . (3) F λ is the family of all non-decreasing unbounded functions from λ to λ. Observation 1.3. Assume that λ is a regular cardinal, D ∈ ulf(λ).
(1) If f : λ −→ λ, then D/f ∈ ulf(λ).
(2) If f ∈ F λ and D is uniform, then also D/f is a uniform ultrafilter on λ.
(3) If C is a club of λ and δ ξ : ξ < λ is the increasing enumeration of C, then for a set A ⊆ λ,
A ∈ D/C if and only if
Definition 1.4. Let D be a uniform ultrafilter on λ.
(1) We say that D is weakly reasonable if for every f ∈ F λ there is a club C of λ such that
(2) We define a game D between two players, Odd and Even, as follows. A play of D lasts λ steps and during a play an increasing continuous sequencē α = α i : i < λ ⊆ λ is constructed. The terms ofᾱ are chosen successively by the two players so that Even chooses the α i for even i (including limit stages i where she has no free choice) and Odd chooses α i for odd i. Even wins the play if and only if
Observation 1.5. Let D ∈ uuf(λ). Then the following conditions are equivalent: (A) D is weakly reasonable, (B) for every increasing continuous sequence δ ξ : ξ < λ ⊆ λ there is a club C * of λ such that
(C) for every club C of λ the quotient D/C does not extend the filter generated by clubs of λ. 4 SAHARON SHELAH (3) In part (1) instead "λ is strongly inaccessible", it suffices to assume ♦ * λ . Proof. (1) Suppose toward contradiction that λ is strongly inaccessible, Odd has a winning strategy st in the game D but D is weakly reasonable. By induction on ε < λ choose an increasing continuous sequence N ε : ε < λ of elementary submodels of H(λ ++ ) so that for each ε:
. Thus δ ε : ε < λ is an increasing continuous sequence of limit ordinals. Let f (α) = δ α+1 for α < λ, so f ∈ F λ .
Since D is a weakly reasonable ultrafilter, there is a club C of λ such that
) and hence
Let us define a strategy st for Even in the game D as follows. For an even ordinal i < λ, in the i-th move of a play, if α j : j < i has been played so far then Even plays
Now consider a play α i : i < λ in which Even uses the strategy st and Odd plays according to st. Then for each i < λ we have α 2i ∈ C * and thus α 2i = δ α2i ∈ N α2i+1 , and also {α j : j < 2i} ⊆ α 2i ⊆ N α2i+1 . Since the model N α2i+1 is closed under forming sequences of length α 2i + 1 (by (b)), we conclude that α j : j ≤ 2i ∈ N α2i+1 . Since st ∈ N 0 ≺ N α2i+1 , clearly α 2i+1 ∈ N α2i+1 ∩ λ and therefore α 2i+1 < δ α2i+1 . Hence
But st is a winning strategy for Odd, so he wins the play and {[α 2i+1 , α 2i+2 ) :
(2) Suppose that D ∈ uuf(λ) is not weakly reasonable. Then we may find f ∈ F λ such that for every club C of λ we have
Let st be a strategy of Odd in D which instructs him to play as follows. For an odd ordinal i = i 0 + 1 < λ, in the i-th move of a play, if α j : j ≤ i 0 has been played so far, then Odd plays
We claim that st is a winning strategy for Odd (in D ). To this end suppose that α j : j < λ ⊆ λ is a result of a play of D in which Odd uses the strategy st. Let C = {α i : i < λ is limit } -it is a club of λ, so by the choice of f we have 
THE COMBINATORICS OF REASONABLE ULTRAFILTERS
Since {[δ, δ + f (δ)) : δ ∈ C } ⊆ {[α 2i , α α2i+1 ) : i < λ} we may now conclude that Odd indeed wins the play. Lemma 1.7. Suppose that λ is a regular uncountable cardinal, D ∈ uuf(λ) is a weakly reasonable ultrafilter and β i : i < λ is an increasing continuous sequence of ordinals below λ. Then there is an increasing continuous sequence δ ξ : ξ < λ ⊆ λ consisting of limit ordinals and such that
Proof. It follows from 1.5 that we may find a club C * of λ such that all members of C * are limit ordinals and
* } (clearly it is a club of λ) and let δ ξ : ξ < λ be the increasing enumeration of C + . Note that C * = {δ ξ : ξ < λ is even } and, for an even ordinal ξ < λ,
Theorem 1.8. If λ is a regular uncountable cardinal and D ∈ uuf(λ) is weakly reasonable, then D is a regular ultrafilter.
Proof. Using Lemma 1.7 we may choose by induction on ε < λ a sequence δε : ε < λ so that (a)δ ε = δ ε i : i < λ is an increasing continuous sequence of non-successor ordinals below λ, δ
. It follows from (c) that f ε (α) ∈ {δ ζ j : j < λ is a limit ordinal or zero } and hence (since also f ε (α) ≤ α) we may conclude that f ε (α) < f ζ (α). ] For α < λ, let w α = {ε < λ : α ∈ A ε }. It follows from (⊗) that (for every α < λ) the sequence f ε (α) : ε ∈ w α is strictly decreasing, so necessarily each w α is finite. Since A ε ∈ D for each ε < λ (by (b)), we have shown the regularity of D. Proof. Let {f ε : ε < d λ } ⊆ λ λ be a dominating family and for ε < d λ let C ε be a club of λ such that members of C ε are limit ordinals and
Let α ε,i : i < λ be the increasing enumeration of C ε .
By induction on ε we will choose sets E ε , A ε so that for each ε < λ: (a) A ε is an unbounded subset of λ and E ε ⊆ C ε is a club of λ,
So suppose that we have chosen A ζ , E ζ for ζ < ε < d λ so that the respective reformulations of (a)-(c) hold true. For a finite sequenceζ = ζ i : i < n of ordinals below ε let Aζ = i<n A ζi (note that Aζ = λ by the demand in (c)). Let
λ λ be such that
The family {g
cannot be a dominating family. Therefore we may pick a function
. Put E ε = {δ < λ : δ = α ε,δ is a limit ordinal and (∀α < δ)(h ε (α) < δ)} and
It should be clear that E ε , A ε satisfy demands (a), (b). Let us argue that also condition (c) holds true. Letζ ∈ ω> ε and we shall prove that A ε ∩ Aζ is unbounded in λ. By the choice of h ε , the set B = {α < λ : g ε ζ (α) < h ε (α)} is of cardinality λ. Let us fix for a moment α ∈ B and let i < λ be such that α ε,i ≤ α < α ε,i+1 . Let sup(E ε ∩α ε,i+1 ) = γ = α ε,γ and min(E ε \α ε,γ+1 ) = δ = α ε,δ . Then γ, δ are successive members of E ε and
Hence (by the definition of E ε and by α ∈ B) we get
Since B = λ we may now easily conclude that A ε ∩ Aζ = λ, showing that A ε , E ε are as required.
After the construction is carried out (and we have the sequence E ε , A ε : ε < d λ ) we may find a uniform ultrafilter D on λ such that {A ε : ε < d λ } ⊆ D (remember the demand in (c)). We claim that D is weakly reasonable. To this end suppose that C is a club of λ and δ ξ : ξ < λ ⊆ λ is its increasing enumeration. By the choice of f ε , C ε (for ε < d λ ) we may find ε < d λ and j 0 < λ such that
(it is a club of λ). Since for γ ∈ C * we have that α ε,γ = δ γ < δ γ+1 < α ε,γ+1 we may easily conclude from (b) that
completing the proof (remember 1.5).
[
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Super reasonable ultrafilters
It may well be that our forcing techniques for uncountable λ are still not strong enough to carry out the arguments parallel to the consistency results for ultrafilters on ω. However, we feel that the recent progress in the theory of forcing iterated with uncountable supports (as exemplified by [11] , Ros lanowski and Shelah [9] , [7] and Eisworth [3] ) may prove to be useful in developing iterated forcing for "killing" and/or "preserving" some subfamilies of the class of weakly reasonable ultrafilters.
In this section we propose properties of ultrafilters stronger than being weakly reasonable. We hope that at least the strongest variant, super reasonable ultrafilters, will occur to be treatable by λ-support iterations of suitably complete forcing notions.
Like before, λ is always assumed to be an uncountable regular cardinal.
Definition 2.1. We define a forcing notion Q 1 λ as follows.
p a club of λ consisting of limit ordinals only, and for δ ∈ C p :
Remark 2.2. The forcing notion Q (
(3) Assume that δ < λ is a limit ordinal and a sequence p i :
Let E be a uniform ultrafilter on δ. Let us put:
It is easy to check that p = (γ, C, Z α : α ∈ C , d α : α ∈ C ) belongs to Q 1 λ and that it is a condition stronger than all p i (for i < δ).
(4) Let p ∈ Q 1 λ and A ⊆ λ. Just for simplicity we may assume that γ p ∈ C p (as we may always increase γ p ). Put
p α } and let us consider two cases.
Case 1: Y is unbounded in λ. Then we may choose an increasing continuous sequence
The following discussion presents our motivations for the definitions and concepts presented later in this section.
Suppose that
It follows from 2.3(4) that D is an ultrafilter on the Boolean algebra P(λ)
} is a uniform filter on λ, and, of course, for a generic
Definition 2.5. Let P be a forcing notion and D be a P-name such that
V is an ultrafilter on the Boolean algebra P(λ) V ".
(1) For a condition p ∈ P we let
and for a set G * ⊆ P we put fil
Definition 2.6.
(1) We define a forcing notion Q 0 λ as follows. 
and for a set
(1)) and there is a directed (with respect to
An ultrafilter D on λ is said to be very reasonable if it is weakly reasonable and there is a (<λ
Observation 2.7. 
λ is strongly disjoint if and only if • ∀ξ < λ {(α, Z, d) ∈ q : α = ξ} < 2 , and
Observation 2.9.
(1) For each p ∈ Q * λ , fil(p) is a filter on λ containing all co-bounded subsets of λ.
(2) For every p ∈ Q * λ there is a strongly disjoint condition q ∈ Q * λ which is ≤ Q * λ -stronger than p. Proposition 2.10.
(1) Suppose p, q ∈ Q * λ . Then the following are equivalent:
(2) Assume that G * ⊆ Q * λ is directed and downward closed (with respect to ≤ Q * λ ), r ∈ G * is strongly disjoint and s ⊆ r. Suppose also that Z :
q, but (b) fails. Then we may pick a sequence (α ξ , Z ξ , d ξ ), A ξ : ξ < λ such that for each ξ < λ,
It follows from (ii) that for every (α , Z , d ) ∈ p there is at most one ξ < λ such that
By what we have said above, for all (α , Z , d ) ∈ p we have (λ \ A) ∩ Z ∈ d and hence λ \ A ∈ fil(p) ⊆ fil(q). This contradicts (i).
(b) ⇒ (a) Suppose that (b) holds true as witnessed by ε < λ. Assume A ∈ fil(p), so for some ε < λ we have
By the choice of ε we may find (α , Z , d ) ∈ p such that (λ \ A) ∩ Z ∩ Z ∈ d , so in particular Z ∩ Z = ∅ and hence also α > ε . By the choice of ε we may conclude that A ∩ Z ∈ d , getting a contradiction.
, we may pick r * ∈ G * such that r ≤ r * and X ∈ fil(r * ). We are going to show that s ≤ r * (what will imply that s ∈ G * as G * is downward closed). Since X ∈ fil(r * ), there is ε < λ such that
Assume that (α, Z, d) ∈ r * is such that α > ε, and suppose that A ∈ d. Then also X ∩ Z ∩ A ∈ d and since r ≤ r * we may find (α , Z , d ) ∈ r such that X ∩ Z ∩ A ∩ Z ∈ d (by (1) above). In particular, X ∩ Z = ∅ so (α , Z , d ) ∈ s and A ∩ Z ∈ d . Thus we have shown that
Consequently, by part (1), s ≤ r * .
(3) Let p ξ : ξ < λ list (with possible repetitions) all members of G * . For ξ < λ let
(it is a club of λ), and for ξ, ζ < λ let ε({ξ, ζ}) < λ be such that if
(remember (1) above). Let C * = δ < λ : δ is limit and {p ξ : ξ < δ} is ≤ Q * λ -directed (again, it is a club of λ). Finally, let
Plainly, C is a club of λ. Now, suppose that δ < γ are two successive members of C. Put Z δ = [δ, γ) and let
It easily follows from the definition of C that I δ is a proper ideal on Z δ , so we may pick an ultrafilter
Clearly q ∈ Q * λ and we will argue that q is a ≤ Q * λ -upper bound to G * . So let ξ < λ. Suppose that δ ∈ C \ (ξ + 1) and A ∈ d δ . Then A / ∈ I δ , so there is (α, Z, d) ∈ p ξ such that δ ≤ α and A ∩ Z ∈ d. Now use (1) to conclude that p ξ ≤ q. Proposition 2.11.
(
λ which is ≤ * -increasing and such that 
Observation 2.13.
The next definition is motivated by the proof of "the Sacks forcing preserves P -points". In that proof we construct a fusion sequence where at a stage n < ω of the construction we deal with finitely many nodes in a condition (the nodes that we declare to keep). We would like to carry out this kind of argument, e.g., for forcing notions used in [7, B.8.3, B.8.5 ], but now we got to deal with < λ nodes in a tree, and the ultrafilter we try to preserve is not that complete. So what do we do? We deal with finitely many notes at a time eventually taking care of everybody. One can think that in the definition below the set I α are the notes we have to keep and the finite sets u α,i are the nodes taken care of at a substage i. How exactly this works will be presented in a subsequent paper [6] .
-directed set andμ = µ α : α < λ be a sequence of cardinals, 2 ≤ µ α ≤ λ for α < λ.
(1) We define a game * G * ,μ between two players, COM and INC. A play of * G * ,μ lasts λ steps and at a stage α < λ of the play the players choose I α , i α ,ū α and r α,i , r α,i , δ α,i , (β α,i , Z α,i , d α,i ) : i < i α applying the following procedure.
• First the player INC chooses a non-empty set I α of cardinality < µ α , and then the player COM chooses i α < λ and a sequenceū α = u α,i : i < i α of finite non-empty subsets of I α of length i α .
• Next the two players play a subgame of length i α . In the i th move of the subgame, (a) the player INC chooses r α,i ∈ G * and then (b) the player COM chooses r α,i ∈ G * such that r α,i ≤ Q * λ r α,i and next (c) the player INC chooses δ α,i < λ after which (d) the player COM chooses (β α,i , Z α,i , d α,i ) ∈ r α,i with β α,i ≥ δ α,i . In the end of the whole play COM wins if and only if ( ) there is r ∈ G * such that for everyj ∈ α<λ I α we have
) and the player INC has no winning strategy in the game * G * ,μ , then we say that G * isμ-super reasonable.
is defined similarly to * G * ,μ except that ( ) is weakened to ( ) − for everyj ∈ α<λ I α the set {Z α,i : α < λ, i < i α and j α ∈ u α,i } (see [12] ).
Proposition 2.17. Letμ = µ α : α < λ where µ α = 2 for all α < λ.
(1) If D ∈ uuf(λ) isμ -super − reasonable, then it is weakly reasonable. 
is the result of the play so far, then
• if α is limit, then γ α = sup(γ ξ : ξ < α), • if α is not limit, then γ α = sup {Z ξ,i : i < i ξ , ξ < α} + 1. Now (at the stage α) st(s, f ) tells INC to choose I α = {0} and then (after COM picks i α ,ū α ) he is instructed to play in the subgame of this stage as follows. At stage i < i α INC puts r α,i = s and, after COM has picked r α,i , INC picks δ α,i > γ α + f (γ α ) + sup {Z α,j : j < i} + 1 such that
(remember 2.10(1)). Now let f ∈ F λ and let s ∈ G * be arbitrary. The strategy st(s, f ) cannot be the winning one for INC, so there is a play
(note that necessarily u α,i = I α = {0}). It follows from the choice of γ α , δ α,i that for each α < λ
and hence also
(2) Assume that G * ⊆ Q * λ is super reasonable and downward closed and pick any f ∈ F λ . For a condition s ∈ G * consider the strategy st(s, f ) defined as in (1) . Since it is not a winning strategy for INC in * G * ,μ we may choose a play I Since G * is downward closed we have r(s) ∈ G * . It follows from the description of st(s, f ) that r(s) is strongly disjoint and ≤ Q * λ -stronger than s (remember 2.10(1)).
(3) Follows from (2).
fil(G * ) and dominating families
In this section we show that families G * generating "more" reasonable ultrafilters cannot be too small. (
) and fil(G * 1 ) is a weakly reasonable ultrafilter on λ. For r ∈ G * 1 let g r ∈ λ λ be such that
Then F 1 = {g r : r ∈ G * 1 } is a club-dominating family in λ λ.
Proof.
(1) First note that if p, q ∈ G * 0 , p ≤ q, then C q ⊆ * C p , so for all sufficiently large α < λ we have f p (α) ≤ f q (α). Hence the family F 0 is (<ℵ 1 )-directed (with respect to ≤ * ). Now suppose toward contradiction that F 0 is not a dominating family. Then we may choose an increasing continuous sequenceᾱ
. Now, by induction on n < ω, choose increasing continuous sequencesᾱ n = α n ξ : ξ < λ so that letting C n = {α n ξ : ξ < λ} we have (i)ᾱ 0 is the one chosen earlier,
. It should be clear that the construction ofᾱ n 's is possible (remember that fil(G * 0 ) is a weakly reasonable ultrafilter; use 1.5). Let C ω = n<ω C n and let α ω ξ : ξ < λ be the increasing enumeration of C ω . It follows from (ii) that, for every ε < λ the sequence α n ε+1 : n < ω is strictly increasing and sup(α Fix p ∈ G * 0 for a moment. By the choice ofᾱ 0 we know that the set {ξ < λ : f p (α 0 ξ ) < α 0 ξ+1 } is unbounded in λ, and hence also the set {ε < λ : f p (α ω ε ) < α ω ε+1 } is unbounded in λ. Therefore for some n < ω we have {ε < λ : f p (α ω ε ) < α n ε+1 } = λ; let n(p) be the first such n < ω.
Note that if p ≤ q are from G * 0 , then n(p) ≤ n(q). Consequently, since G * 0 is (<ℵ 1 )-directed, there in n * < ω such that (∀p ∈ G * 0 )(n(p) ≤ n * ). Look at the set A n * : for every p ∈ G * 0 there are λ many ε < λ such that α ω ε < f p (α ω ε ) < α n * ε+1 , so (by the definition of f p ) we get A n * ∈ fil(p)
+ . Since fil(G * 0 ) is an ultrafilter we get an immediate contradiction with A n * / ∈ fil(G * 0 ). (2) Suppose toward contradiction that F 1 is not club-dominating in λ λ. Thus we may find an increasing function h ∈ λ λ such that ∀r ∈ G * 1 ε < λ : g r (ε) < h(ε) is stationary in λ .
Pick an increasing continuous sequence δ ξ : ξ < λ ⊆ λ such that (∀ξ < λ)(h(δ ξ ) < δ ξ+1 ). Since fil(G * 1 ) is weakly reasonable, we may use 1.5 to pick a club C of λ such that C ⊆ {ξ < λ : δ ξ = ξ is a limit ordinal } and [δ ξ , δ ξ+1 ) : ξ ∈ C / ∈ fil(G * 1 ). Since fil(G * 1 ) is an ultrafilter, for some r ∈ G * 1 we have λ \ [δ ξ , δ ξ+1 ) : ξ ∈ C ∈ fil(r).
However, by the choice of h, the set {ξ < λ : δ ξ = ξ ∈ C & g r (ξ) < h(ξ) < δ ξ+1 } is stationary (so of size λ), and we get an immediate contradiction with the definition of g r . and fil(G * ) is an ultrafilter. For p ∈ G * 0 let f p ∈ λ λ be defined as in 3.1 (1) . If F 0 = {f p : p ∈ G * 0 } is not a dominating family in λ λ, then λ is measurable.
Proof. Similarly as in the proof of 3.1(1), we note that F 0 is (<λ)-directed (with respect to ≤ * ). Since F 0 is not dominating family, we may choose an increasing continuous sequence α ξ : ξ < λ such that ∀p ∈ G * 0 ∃ λ ε < λ f p (α ε ) < α ε+1 .
Let U = A ⊆ λ : ∃p ∈ G * 0 ∃δ < λ ∀ε > δ f p (α ε ) < α ε+1 ⇒ ε ∈ A . We are going to show that U is a λ-complete uniform ultrafilter on λ. It should be clear that U includes all co-bounded subsets of λ and that is is a λ-complete filter (remember that F 0 is <λ-directed). To show that it is an ultrafilter suppose that A ⊆ λ and let B = [α ε , α ε+1 ) : ε ∈ A ⊆ λ.
